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Born-Infeld nonlinear electrodynamics are considered. Main attention is given to existence of
singular point at static eld conguration that Born and Infeld are considered as a model of electron.
It is shown that such singularities are forbidden within the framework of the Born-Infeld model. It is
proposed a modernized action that make possible an existence of the singularities. It is obtain main
relations in view of the singularities conforming to known relations of usual linear electrodynamics
with point charged particles.
INTRODUCTION
In the article by Born and Infeld [1] a model for nonlinear electrodynamics was considered. This model is named now
as Born-Infeld electrodynamics. The article [1] contain some arguments about the necessity for nonlinear generalization
of electrodynamics. A eld conguration that appropriate to electron have a nite energy in framework of Born-Infeld
electrodynamics, in contrast to the case of usual linear electrodynamics. The components of electromagnetic eld of
the conguration that appropriate to electron has a discontinuity at a point for Born-Infeld model, the four-vector
potential being everywhere continuous. However, the eld conguration at the singular point is not solution to the eld
equations which are in the article [1]. In the present work we derive conditions for stationarity of the Born-Infeld action
in the case when the eld may have singularities. It appears, that it is necessary to modernize the Born-Infeld action
in order that the model allowed the existence of such singularities and, hence, could be suitable for the description of
real particles. We propose a modernized action and we obtain the main relations for particles-singularities.
BORN-INFELD ELECTRODYNAMICS
Let us state the main relations about the Born-Infeld standard model and introduce some notations which we shall
use. The Born-Infeld action has the following form [1,2].
SBI =
Z q















is electromagnetic eld tensor components, g is metric tensor components,
the Greec indexes take value 0; 1; 2; 3 ; (dx)4  dx0dx1dx2dx3
L 
p




















9>=>; here there is the topbottom sign, if  is evenodd permutation of indexes 0123 :


















































8<: J = J
LL = 1 + 4 J 2
(5)


















jk =) f ij = −"0ijkHk
; (7)
then the system (2), (6) may be written in the following form
8>>>><>>>>:
divB = 0
@0 B + rotE = 0
divD = 0
















Here the denitions div and rot (8) include
p
jgj for the space-time in contrast to the usual denitions div and
rot for the space. It is evident that these denitions coincide for the case with jg00j = 1 and g0i = 0 . If in addition
we have g 6= g(x0) then the system of equations (8) has the form of the usual Maxwell’s system of equations. It
should be noted that it is for the denitions (7) that we have the form of equations system (8), the distinction of the
top and bottom indexes being essential. The forms of the denitions (7) and equations system (8) does not depend
on the form of dependence between tensor components f and F (3). Thus the foregoing is right also for usual
linear electrodynamics that we have through linearization the relations (3): f = F .
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0j gip "0jpk B




















If we substitute  = 0 , L = 1 in (9) we have the appropriate expressions for the case of the linear electrodynamics.
























If jg00j = 1 and g = 0 for  6=  (and in this case only) we have the simple relations interconnecting the vectors


















(H + 2 JD)
: (11)
In this case the expressions for the electromagnetic invariants have the following form.(
I = E  E−B B
J = E B
;
8<: I = H H−D DJ = H D : (12)
(Expressions for J and J in the case of general metric are the same).
A little more about the linear electrodynamics. If we take a variational principle as the basis of the model, then
the usual relations for the linear electrodynamics D = E , H = B are right provided we have jg00j = 1 and g = 0
for  6=  . In the case of general metric we must take the relations (9) with  = 0 , L = 1 .
In the article [1] it is proposed the following spherically symmetrical eld conguration as a solution to the model









where r is the radial coordinate, and the index "r" denote the radial component of vector.
As we see, the vector E has discontinuity in the beginning of coordinates. But the function A0(x) is continuous
everywhere and the action is nite. It is obvious that (13) is a solution to the system of equations (8) everywhere
except the coordinate center. In the beginning of coordinates divD is innity for the eld conguration (13).
With Lorentz transformations we have the appropriate to (13) moved eld conguration, that has the following














xj − V jx0

: (14)
Here Ei is the cartesian components appropriate to (13), fyig is own cartesian coordinate system of the singularity





; L0:i = Li0 = −
V ip
1−V2











We use a metric with the signature f−+ ++g .
CONDITIONS FOR STATIONARITY OF THE ACTION WITH SINGULAR POINTS OF FIELD
Let the functions A(x
) that give stationarity to the action functional (1) be continuous and have N singular
points as discontinuity of space derivatives. We assume that the singularities exist for all time. We do not consider
here a possible process of birth-destruction of the singularities. Thus in any moment of time each n -th singularity
has certain coordinates. We shall use the notation
n
ai(x0) for it. Let us enclose each singularity in a small closed











where (dx)3  dx1dx2dx3 , Ω is the all three-dimensional space with the excluded regions bounded by the surfaces
which enclose the singular points.
Let us make a variation of the functional (16) through variations of the eld functions A(x) and trajectories






ai(x0) in the action (16), considering that A(x) = 0 and 
n
ai(x0) = 0 at innity. As it is usual, let us
dierentiate the action (16) on " and take " = 0: Then we make the partial integration and obtain the following




































 is closed surface enclosing the n-th singularity, it make the integration

















where it take the sign "+", if we have
an acute angle between i-th coordinate axis and external normal
to the surface
n
 and it take sign "−", if the angle is obtuse,









We have the last integral on the surfaces in (17) with dierentiation of location of the integration region border by "
[3].
When we contract the all surfaces
n
 to the points we have Ω ! _Ω , where _Ω is the whole three-dimensional
space without the singular points. Replacement of Ω in _Ω is similar to partition of argument value interval of some
function having discontinuity of derivative on two intervals: at the right and at the left from the singularity. Exception
of the singular points means only that the innite values of derivatives of the functions f(x) are not included in
the integral. Thus it is evident that if Ω! _Ω then SBI ! S and SBI ! SBI .
The rst integral on the surfaces
n
















Here we take into account that the functions A(x) are continuous everywhere and introduce the following desig-


































It is clear that if we take a non-singular as n -th point then
n
J = 0 .































According to the general principles of calculus of variations [3] we can take A(x
0;
n
a) = 0 and 
n
ai = 0 at rst. Thus
if S = 0 then the second term in (17) is zero. Hence the eld satises the homogeneous system of equations (2)
outside of the singular points. Now we take 
n










As we see the eld conguration (13), (14) satises this condition.
Now if we take A(x
0;
n
a) 6= 0 for any one n -th singularity then we have
n
J = 0 that forbids existence of the
solution (13, 14) for which
n
J 6= 0 .
The same conclusion can be obtained if we consider @f
(x) as distributions or generalized functions. As it is
known, a partial integration is allowable for the class of generalized functions. Thus if we have the stationary action
(1) then the system of equations (2) should be satised everywhere. On the other hand the eld conguration (14)
satises the system of equations (2) only outside of the singular point.
MODERNIZED ACTION, FIELD EQUATIONS AND CHARGE CONSERVATION
We can modernize the action (1) for the eld conguration (14), (13) could be the solution of model equations.
We add to the action (1) a term that compensate the rst sum on the singularities in the expression (22). Thus a
























We can use Dirac  -function and write the action (24) in the following form.
S =
Z (
L − 1− 2 A |

 p










Here (x) is three-dimensional  -function:Z
Ω
f(x) (x − a)
p
jgj (dx)3  f(a) : (28)
Here we must use a non-singular in the point x = a coordinate system.
As we see the system of Eulerian equations for the action (26) has the following form.
@ f
 = | (29)
Then the system of equations for the eld vectors E; B; D; H has the following form.
divB = 0




−@0 D + rotH = |
: (30)
Let us act to the system of equations (29) by the operator @ with convolution on the index  : @@ f
 = @ |
 .
Here left part is zero because f = −f and it is possible for distribution to change an order of dierentiation by
dierent coordinates. Thus we have the following conservation law.
5
@ |
 = 0 (31)





























= 0 : (32)
Let us integrate this relation on a region of the space including only one n -th singularity in some any moment of














e is constant charge of n -th singularity



















































 is trajectory of n -th singularity.
MOTION EQUATIONS OF SINGULARITIES

























We suppose here that the condition (23) is also satised. Expanding the complete derivative on time in (38) we obtain






























j = 0 (39)
The functions A(x) have not the single-valued derivatives on the space coordinates at the singular point. Thus for
















 is an element of area of the surface
n
 , the size of area of the whole surface
n
 is also designated as
n
 .
Thus we can replace derivatives on
n






















From (42), it is evident that
n
V
i hFi0in = 0 : (43)




 = 0 (44)
We can search a solution with N singularity by a perturbation method. As initial approximation we shall take a
sum of the solutions with one singularity, the free parameters of which being dependent from time. The components
of velocity
n





A (x) ; (45)
where
n)



































































































Let us consider a motion of one k -th singularity ( n = k ). Let us designate a eld connecting with all other

































A 0 + ~F : (49)
Let us substitute (49) into (42) with n = k . Taking into account that h
(k)

















1A = − ~Fi0(x0; ka)− ~Fij(x0; ka) kV j (50)
7
As we can show if we take
k
L0:i = const then Lagrangian and functions f
 have a singular surface near to the point
x =
k
a with the eld ~F . The term with derivative on time from
k
L0:i compensates the eld
~F near to the point
x =
k
a according to (49), (50), so we have the singular point but not surface.
As can be shown (see also [1]), for used here system of designation we have
(k)






















As we see, the equation (50) have the form of Lorentz equation for a particle with the ratio of rest mass to charge equals
j
(k)
A 0 (0)j . Thus we have the following expression for rest mass of k -th particle-singularity in initial approximation.
(k)














The motion equation (50) can be also obtained with somewhat dierent way. Let us substitute A =
k)
A + ~A in
the action (37) and make the trajectory variation of the k -th singularity only. Thus, used (46), (15), (53), we obtain












































jg dx dx j .



















Because all observable charges in the nature multiple to the electron charge, it would appear reasonable that
k
e= jthe electron chargej . We can make an any value for mass of singularity with help of model constant  . But
we assume that this mass is not equal to the electron mass because a possible eld conguration coincide to electron
should be a more complex then the solution (13).
CONSERVATION LAWS FOR ENERGY-IMPULSE AND ANGULAR MOMENTUM
Here we shall use a cartesian system of coordinates with metric components h : −h00 = h11 = h22 = h33 = 1 ,
h = 0 for  6=  . For obtaining the dierential conservation laws we shall use a method that had proposed in the
article [4]. At rst we obtain necessary conditions for stationarity of the action (26) with help a variation of local
shift whole eld conguration. This specic variation of the eld functions shift whole space-time eld conguration,
the shift size being function of coordinates. It is evident that the singularities are also shifted. According to this idea
we make the following substitutions in the action (26).
8














ai(x0 − " 
n




































































































We make a partial integration and obtain the following dieretial conservation law as nessesery condition for station-
arity of the action.
@T :
@x






(L − 1) h +A |



















































As we see, the full canonical energy-impulse is divided into two parts. The rst part have a regular density and
the second part have a singular density. This looks like a eld and point particles in the standard electrodynamics.
According to relations (46), (15), (53) we have an energy-impulse of n -th particle-singularity for initial approximation



















This expressions coincide with energy-impulse of point particle.
In a like manner, let us obtain necessary conditions for stationarity of the action (26) with variation of local Lorentz
turn about coordinate center. We make the following replacements in the action for this specic variation of the eld
functions.
A(fxg) ! L:A(fz
g) where z = L:x




:(x) ; L(x) = −L(x)
@A
@x



































































|(fxg) ! L: |























Making standard procedure we obtain appropriate dierential conservation law which can be written in the following
usual form using the denition T : (58).
@M:
@x
= 0 ; where M:  T

: x − T

: x − f

: A + f

:A (63)









: − @ (f
A) (64)
= f F −
1
2
(L − 1) h +A |








0 − |A (65)











As we see the full energy-impulse is expressed by a regular density in this case.
CONCLUSION
Thus we have presented an initial theory of nonlinear electrodynamics with singularities. The obtaining results can
be used for search of the eld congurations that could describe the real particles.
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